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Abstract
This study proposes a deterministic and definitive methodology for surrogate model
construction based on moment quadrature design points. Different from adaptive or randomly
sampling approaches, the proposed framework derives design points directly from the statistical
moments of the input probability density functions, ensuring reproducibility, optimal
polynomial exactness, and broad applicability to low- and high-dimensional problems involving
arbitrary distributions, including nonuniform distributions and, in principle, empirical ones. It
features an automatic pipeline for basis generation, coefficient regression, and optional term
pruning, avoiding case-dependent tuning. Moreover, it allows direct evaluation of uncertainty
metrics and global sensitivity indices to be obtained using the same set of model evaluations.
Extensive numerical examples, including standard benchmark functions and engineering
applications involving up to 100 random variables, demonstrate that the proposed method
achieves high accuracy and computational efficiency compared with conventional surrogate
modeling approaches.
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1. Introduction

Surrogate modeling plays a key role in the field of risk and reli-
ability, and it has increasingly been emphasized with the ever-
increasing need for complex system modeling and predictive
maintenance. As engineering models become more complex,
such as digital twins and large simulation models, the compu-
tational demand poses a great challenge to uncertainty quan-
tification and analysis for those models spanning from clas-
sical to quantum regimes [1]. Therefore, constructing optimal
surrogate models with minimal computational overhead is of
paramount importance.
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The surrogate modeling methodologies can loosely be
classified into several categories. Polynomial-based surrogate
modeling methods are widely used, such as classical poly-
nomial response surface models and orthogonal polynomi-
als under prescribed probability density functions (PDFs). In
particular, the polynomial chaos expansion (PCE) has gained
significant attention due to the advantage of extracting the
mean and variance of the response, as well as Sobol’ sens-
itivity indices from the resulting coefficients of the ortho-
gonal polynomials [2–4]. Recent work on PCE surrogate mod-
els is largely centered on using learning-based techniques
to extend the scope and applicability of the classical PCE,
e.g. manifold learning-based PCE for high-dimensional sur-
rogate models [5], deep kernel-PCE for high dimensional
uncertainty analysis [6], physics-constrained machine learn-
ing PCE for uncertainty quantification [7], and various applic-
ations in different fields [8–11], to name a few.

Another surrogate family is the Gaussian process (GP)
models in which the response of a physical process is modeled
by a multivariate normal distribution. GP modeling is also
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known as Kriging in some fields. When both the mean vector
of the GP model and the auto-covariance function are known,
the model is also referred to as simple Kriging.When themean
vector is unknown but constant and the auto-covariance func-
tion is known, the model is referred to as ordinary Kriging;
while for a GPmodel with unknownmean vector in the form of
a linear interpolator and a known auto-covariance function, the
model is the so-called universal Kriging [12]. Evidently, the
linear interpolator in universal Kriging can be a regular poly-
nomial representation or a PCE. Recent developments in GP
surrogate modeling includes the adaptive approach for incor-
porating partial information through Bayesian updating [13],
new parameter estimation algorithms [14], the combination
of a physics-based simulator with GP models [15], and new
applications involving GP models [16, 17].

The other type of surrogate models for simulating
stochastic processes is spectral representation-based meth-
ods, such as Karhune-Loève expansion, principal component
analysis, and other orthogonal expansions aiming to minim-
ize the mean squared errors between the resulting surrogate
and the actual models [18]. Machine learning-based surrog-
ate models have also gained increasing popularity due to the
advancement of deep learning and large data [19–21]; nev-
ertheless, those models normally require a sufficiently large
amount of training data and the extrapolation of the built model
to an unknown data space can be risky in realistic engin-
eering problems due to the limited use of relevant physical
laws [22].

While these different versatile approaches are valuable in
terms of emulating the actual physical process using simple
terms, from the mathematical perspective they are mainly dif-
ferent in the basis functions used for the reconstruction of the
model responses at the design points, as well as the nature of
the fitting coefficients, e.g. either deterministic or probabil-
istic, for different engineering purposes. Hence, the strategy of
generating these design points and the results can drastically
affect the effectiveness of the final model and the generality
of the model prediction. Random generation of design points
has been widely accepted as a practice to explore the space
of input variables, and such a treatment can encode certain
randomness. Latin hypercube sampling (LHS) is an efficient
one-shot space-filling technique to generate a set of design
points. Certain criteria can be adopted to enhance the space-
filling property of the resulting samples, e.g. using a minimal
distance constraint on any two samples. A recent comparat-
ive review on LHS with an adaptive sampling strategy partic-
ularly designed for Kriging can be found in [23]. However, as
noted in [23], for a high-dimensional input space, such a treat-
ment may not be very useful due to the curse of dimensional-
ity. In addition, training a Kriging surrogate model directly in
high dimensions can be more complex or even intractable, and
dimension reduction techniques must be applied to make the
training process manageable [24, 25]. The adaptive sampling
methods reviewed above and other adaptive sampling methods
bearing a similar idea, such as mode pursuing sampling and
its variants [26–28], are not restricted to Kriging and radial

basis function interpolators. The basic mechanism consists
of an initial small random set of points, a score function to
test the performance of a sample which is normally based on
an intermediate surrogate constructed from the initial set of
points, and an enrichment scheme based on the score func-
tion; hence, it is clear that the initial random set of points is
of vital importance as it inherently determines the overall per-
formance, i.e. the skeleton of the shape of the manifold, and
the remaining part of those algorithms is essentially enriching
local features of the skeleton. In fact, to minimize the influ-
ence of the initial small random set of points, multiple parallel
runs are often adopted in those methods to enhance robustness.
From the statistical point of view, such a treatment can loosely
be equivalent to using a larger set of samples as an aggreg-
ate of multiple small sets for surrogate model building, which
still poses a great challenge in high computational demand-
ing cases. Another potential limitation of the adaptive meth-
ods is that there is no universal rule for selecting the score
functions and criteria for generating new samples, introducing
unavoidable arbitrariness and uncertainties into the final mod-
els that can sometimes be intractable or highly nontrivial to
quantify.

In summary, current surrogate modeling methods still
face the following challenges in resolving realistic complex
black-box computational models. For one thing, a univer-
sal rule in generating the design points stemming from a
rational measure to assess whether a set of design points is
preferable or not appears to be absent, albeit such a rule
is of paramount importance in all the subsequent surrog-
ate modeling regardless of the basis functions chosen. For
another, the construction and reduction of the surrogate mod-
els based on the generated design points for high-dimensional
problems can be highly nontrivial for certain basis func-
tions such as GP/Kriging models as emphasized in [23]
and several others [29–33] as a result of the sophisticated
and case-dependent tuning. The moment-based uncertainty
and reliability analysis methods have also been discussed
in [34] where a point-mapping-based sparse grid integration
method to improve moment estimation efficiency in struc-
tural reliability analysis is proposed, in [35] where a Bayesian
inference-assisted moment-based framework for reliability
assessment of robotic systems under uncertainty is developed,
and in [36] where a Bayesian updating method combined
with dimension-reduction integration to efficiently evaluate
multi-mode system failure probabilities is introduced. These
studies primarily focus on moment estimation and reliabil-
ity inference, while the present work emphasizes determin-
istic surrogate construction, where surrogate modeling, uncer-
tainty propagation, and sensitivity analysis are integrated into
a unified moment quadrature design point (MQDP)-based
framework.

Motivated by the need for technical improvement towards
resolving the aforementioned challenges, the goal of this study
is to develop a deterministic and definitive methodology for
surrogate model construction. By deterministic it is implied
that there is no case-dependent tuning process as required by
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many adaptive methods, and by definitive, it means that the
overall procedure is mechanistic, and a streamlined proced-
ure can be formulated for arbitrary black-box computational
models. To achieve the first desired feature, a design point
generation scheme is proposed based on the moment quadrat-
ure method, and it can be mathematically shown that when
the polynomial basis functions, whether orthogonal or not,
are used, the design points are optimal in terms of approx-
imation exactness. For the second desired feature, ensuring
that the surrogate model can always be established, regu-
lar polynomial terms are automatically enumerated accord-
ing to the tensor product of the generated design points,
and a linear superposition is used to assemble these terms
with unknown coefficients that can be solved as a set of lin-
ear equations using the input-response data evaluated at the
design points. The reduction is trivially done by eliminating
those terms with very small coefficients. In this context, the
main contribution of the present work lies not only in the
use of moment quadrature for numerical integration, but in
leveraging moment quadrature rules as a deterministic and
distribution-consistent design point generator for surrogate
model construction. The resultingMQDPs form a unified com-
putational basis that simultaneously supports surrogate fitting,
statistical moment evaluation, and global sensitivity analysis.
In contrast toGaussian quadrature–based PCEmethods, where
quadrature rules are primarily used for coefficient projection,
the proposed framework treats MQDPs as general-purpose
design points for surrogate modeling. Furthermore, by incor-
porating sparse-grid constructions, the methodology is exten-
ded to high-dimensional problems while maintaining a fully
deterministic, non-adaptive formulation. Moreover, a stream-
lined construction and reduction procedure is formulated for
any generic computable model with finite-dimensional ran-
dom inputs and scalar quantities of interest, allowing the
method to be adopted in general scenarios where special tun-
ing and treatment is less practical.

The remainder of this paper is organized as follows.
Section 2 introduces the mathematical foundation of the
moment quadrature method and presents the deterministic
design point generation scheme. Section 3 formulates the
MQDP-based surrogate construction methodology, includ-
ing both full-tensor and sparse implementations. Section 4
provides benchmark and engineering application examples to
demonstrate the accuracy, efficiency, and scalability of the
proposed framework. Finally, section 5 concludes the study
and discusses potential directions for future work.

2. Deterministic design point generation via the
moment quadrature method

In this study, the design points are directly generated as the
quadrature nodes by the moment quadrature method. The
rationality of doing so can be explained by the following reas-
ons. As the quadrature nodes and weights are derived from
the given PDF and are Gaussian, an n-node quadrature rule

has a maximum precision of 2 n–1 in terms of the polynomial
degree of the integrand. Hence when the subsequent surrogate
basis functions are nothing more than polynomial terms, the
resulting surrogate model can offer the maximum degree of
accuracy in terms of the mean, variance, and even higher-order
statistics such as skewness and kurtosis. The maximum degree
of accuracy is a direct property of the powerful Gauss quadrat-
ure. For all possible n-node quadrature rules, such as Newton–
Cotes, Clenshaw–Curtis, Gauss–Lobatto, etc., theGauss quad-
rature rule yields the highest polynomial exactness. Another
important practical fact is that not all design variables are uni-
formly distributed in a range. This makes the random gener-
ation of sample points using LHS arbitrary for distributions
other than uniform ones. Hence, the goal here is to devise a
design point generation scheme based on a deterministic pro-
cedure that is suitable for all kinds of PDFs, not only uni-
form ones. To begin with, the moment quadrature method is
briefly outlined using the one-dimensional case. After that,
the multi-dimensional case can naturally be obtained as a full
tensor product possibly followed by a sparse rule to reduce the
final size of the design points. Eventually, the sub-procedures
are packed into an algorithmic procedure for general-purpose
implementation.

It is important to distinguish the proposed MQDP-based
surrogate modeling framework from classical Gaussian
quadrature–based PCE methods. In conventional PCE,
Gaussian quadrature rules are primarily employed to project
model responses onto polynomial bases for coefficient estim-
ation. In contrast, MQDPs are constructed as deterministic
design points for surrogate fitting, independent of an expli-
cit polynomial expansion of the response. The same MQDP
set supports surrogate construction, numerical integration for
moment estimation, and Sobol’ sensitivity analysis, resulting
in a unified and reusable computational pipeline. While the
ability to generate quadrature nodes for arbitrary probability
distributions is an important advantage, the usefulness of the
proposed method lies in its deterministic design-point philo-
sophy and unified surrogate, UQ, and sensitivity workflow
rather than distribution universality alone.

2.1. The moment quadrature method

Themoment quadrature method recently developed has shown
great potential for uncertainty modeling and quantification
[37–40], particularly for real-world problems involving
computation-demanding models for which the use of the
Monte Carlo method and its variants may be restricted. The
basic idea of the moment quadrature method is to derive a set
of Gauss quadrature rules from the Hankel matrix of statist-
ical moments associated with the PDF of a random variable.
When only a finite number of data samples instead of a PDF,
are available, the empirical moments can be used instead of
the theoretical statistical moments in principle.

Consider a probability space denoted by the triplet (Ω,A,P)
where Ω, A, and P are an outcome space, a σ-algebra, and
a probability measure, respectively. Hence, P(A) defines the
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occurrence probability of an event A ∈ A. Denote X as a con-
tinuous random variable and x as a random instance of X. The
cumulative distribution function (CDF) of x is written as

F(x) = P(X⩽ x). (1)

The PDF of x is

P(x) =
dF(x)
dx

, (2)

when the derivative exists. The kth raw statistical moment µk
can be expressed as

µk = EP(x)
[
xk
]
= ∫

x∈Ω
xkp(x)dx, (3)

where k= 0,1,2, . . . and EP(x) [·] denotes the mathematical
expectation under the PDF of p(x). The zeroth moment is the
integral of a PDF and is 1. Using the first 2kth raw moments,
the symmetric Hankel matrix of moments can be formed as

Hk =


µ0 µ1 µ2 · · · µk
µ1 µ2 µ3 · · · µk+1

µ2 µ3 µ4 · · · µk+2
...

...
...

. . .
...

µk µk+1 µk+2 · · · µ2k

. (4)

The Hankel matrix of moments is strictly positive since the
entries are moments of a PDF; hence the matrix can alternat-
ively be expressed as

Hk = RTR, (5)

where R is the upper Cholesky triangular matrix, and the
superscript T represents the transpose. Denote rij, i ⩽ j, i, j =
1,2, . . . ,k+ 1 as the entries of R such that

R=


r11 r12 r13 · · · r1,k+1

r22 r23 · · · r2,k+1

r33 · · · r3,k+1

. . .
...

rk+1,k+1

. (6)

The Mysovskih theorem [41] states that the entries
of R correspond to an orthogonal polynomial system
ϕ 1 (x) ,ϕ 2 (x) , . . . ,ϕ k (x) of order k via the following three-
term recurrence equation

xϕ j−1 (x) = βj−1ϕ j−2 (x)+αjϕ j−1 (x)+βjϕ j (x) , (7)

where the coefficients are{
βj =

rj+1,j+1

rjj
αj =

rj−1,j

rj−1,j−1
+

rj,j+1

rjj

. (8)

Note that ϕ−1 (x)≡ 0, ϕ 0 (x)≡ 1, r00 = 1, r01 = 0, and the
remaining terms are determined by the entries of R. Using

equation (7), the orthogonal polynomial system can now be
compactly expressed as

x


ϕ 0 (x)
ϕ 1 (x)
ϕ 2 (x)

...
ϕ k−1 (x)

=


α1 β1 0 · · · 0
β1 α2 β2 · · · 0

0 β2 α3 β3
...

...
...

...
. . . βk−1

0 0 · · · βk−1 αk



×


ϕ 0 (x)
ϕ 1 (x)
ϕ 2 (x)

...
ϕ k−1 (x)

+


0
0
0
...

βkϕ k (x)

 . (9)

Denote the Jacobi matrix in equation (9) as J, and

J=


α1 β1 0 · · · 0
β1 α2 β2 · · · 0

0 β2 α3 β3
...

...
...

...
. . . βk−1

0 0 · · · βk−1 αk

. (10)

Denote the orthonormal eigenvectors and eigenvalues of J
as V and D, respectively, and they can be solved via the solver
function eig(·) such that

[V,D] = eig(J). (11)

It is shown that the eigenvalue of the Jacobi matrix J and
the square of the component of the corresponding eigenvector
form a Gauss quadrature rule under the weight p(x) [42]. The
nodes and weights of the rule are (ξ j,wj), j = 1, . . . ,k. These
nodes and weights are associated with [V,D] through{

ξ j = Vj

wj = D2
j1

, (12)

where Vj is the jth eigenvalue, and Dj1 is the first compon-
ent of the jth eigenvector. It should be emphasized that the
size of the Hankel matrixHk is determined solely by the quad-
rature order in each individual dimension and is independent
of the overall stochastic dimension of the problem. Therefore,
high-dimensional surrogate construction does not enlarge the
matrix Hk. Since the Jacobi matrix in equation (10) is sym-
metric and tridiagonal, its eigen-decomposition is numeric-
ally stable. In practical surrogate modeling, only moderate
quadrature orders are required, and numerical instability asso-
ciated with the Cholesky decomposition of very high-order
moment matrices is usually not encountered. When very high-
order moment matrices are indeed needed, recurrence formula
developed in [43] can be adopted to directly obtain the ele-
ments (αi,βi) in equation (10), avoiding the Cholesky decom-
position of Hk.
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Given a general integrand ψ (x), the integral under the PDF
p(x), which is the mathematical expectation of ψ (x), denoted
as Ep [ψ (x)], can be evaluated as

Ep [ψ (x)] = ∫
Ω
ψ (x)p(x)dx≈

k∑
j=1

ψ (ξ j)wj. (13)

As a k-node Gauss quadrature rule is exact for a polynomial
integrand up to order 2k–1; hence the approximately equal sign
is replaced by an equal sign for any polynomial integrandψ (x)
up to order 2k–1. It is natural to see that replacing ψ (x) by
ψm (x) in equation (13) yields

Ep [ψ
m (x)] = ∫

Ω
ψm (x)p(x)dx≈

k∑
j=1

ψm (ξ j)wj, (14)

which is the mth raw statistical moment of ψ (x), and m=
1, . . . ,2k− 1. Hence, the statistical moments of a function
under continuous PDFs can directly be obtained with a total
number of k model runs in the univariate case. Extending the
quadrature rule to the multi-dimensional case with uncorrel-
ated variables can be done via the tensor product of the uni-
variate rules of all participating variables. For linearly cor-
related multi-dimensional variables, i.e. when the correlation
is expressed by a correlation matrix or a variance-covariance
matrix, the nodes can readily be obtained by pre-multiplying
the node vector with the Cholesky decomposition triangular
matrix of the correlation matrix or the variance-covariance
matrix.

2.2. MQDPs in one-dimensional variable space

The implication of equations (13) and (14) is that when the
nodes in equation (12), ξ j, j = 1, . . . ,k, and the corresponding
true model responses, ψ (ξ j), are used to build a polynomial
surrogate model, i.e.

M(x) = c0 + c1x+ c2x
2 + . . .+ ck−1x

k−1, (15)

the mean and variance ofM(x) can exactly be obtained. This
is shown by the fact that the variance ofM(x) has the highest
power of 2(k− 1) and is less than 2k− 1. Moreover, the coef-
ficients can readily be found by solving the following set of
linear equations

M(ξ 1)

M(ξ 2)
...

M(ξ k)

=


1 ξ 1 ξ 2

1 · · · ξ k−1
1

1 ξ 2 ξ 2
2 · · · ξ k−1

2
...

...
...

. . .
...

1 ξ k−1 ξ 2
k−1 · · · ξ k−1

k−1

 ·


c0
c1
...

ck−1

.
(16)

To identify the unknown parameters c= [c0,c1, · · · ,ck−1]
T,

it is no more than equating the right-hand side of equation (16)
to the true model response vector whose components are the
true model response evaluated at ξ 1, . . . , ξ k. In matrix form

c= [ξ ]
−1y(ξ ) , (17)

where c denote the column vector of [c0,c1, . . . ,ck−1]
T, y(ξ ) is

themodel response vector, and [ξ ] is thematrix of the first term
on the right-hand-side of equation (16).With equation (17), the
polynomial surrogate model prediction writes,

M(x) =
[
1,x,x2, . . . ,xk−1

]
c=

[
1,x,x2, . . . ,xk−1

](
[ξ ]

−1y(ξ )
)
. (18)

In this one-dimensional case, the k-element design point
set is the nodes resulting from the k-node moment quadrature
rule. For convenience, denote the design points as a whole as
a k-element column vector

DPx (k) := [ξ 1, ξ 2, . . . , ξ k]
T
. (19)

2.3. MQDPs in multi-dimensional variable space

Extending to a multi-dimensional variable space is noth-
ing more than extending the quadrature rule from the one-
dimensional case to the multi-dimensional case while still
treating these quadrature nodes as design points. The exten-
sion is made via tensor product as follows. First, for each of
the random variables with its PDF, generate the corresponding
design points. The number of design points for individual ran-
dom variables can be different depending on prescribed con-
straints and/or one’s choice. Next, assemble the set of gener-
ated one-dimensional design points via a tensor product, and
obtain the final design points of the multi-dimensional vari-
able space. Denote the d-dimensional random vector as x=
[x1,x2, . . . ,xd], and for the ith random variable, i = 1, . . . ,d,
there are ki univariate design points associated with the ran-
dom variable that are generated according to the procedure
in section 2.2. Consequently, the final design points in the d-
dimensional variable space are

DPx (κ) : = DPx1 (k1)⊗DPx2 (k2)⊗ ·· ·⊗DPxd (kd) , (20)

where the operator ⊗ is the tensor product applied to two

vectors, e.g. [1,2]T ⊗ [3,4]T =

[
1 1 2 2
3 4 3 4

]T
, and κ=∏d

i=1 ki. It is evident that the design points of equation (20)
form a κ-by-d matrix.

For linearly correlated random variables, i.e. the correlation
can be expressed by a correlation matrix and/or a variance-
covariance matrix, the final design points are obtained by pre-
multiplying the triangular matrix resulting from the Cholesky
decomposition of the correlation matrix. Denote the correla-
tion matrix of a d-dimensional random vector as ρ, and Lρ as
the lower triangular matrix of the Cholesky decomposition of
the matrix ρ such that

ρ= LρL
T
ρ =


1 ρ12 · · · ρ1d
ρ21 1 · · · ρ2d
...

...
. . .

...
ρd1 ρd2 · · · 1

 , (21)

where ρij = ρji for i, j = 1, . . . ,d and i ̸= j. The design points
for the d-dimensional correlated random vector can readily be
obtained as
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DPx (κ,ρ) := [DPx1 (k1)⊗DPx2 (k2)⊗ ·· ·⊗DPxd (kd)] ·LTρ,
(22)

which remains a κ-by-d matrix, and each row of the matrix
is a d-dimensional design point in the variable space. These
design points generated by the moment quadrature method are
referred to as MQDPs hereafter.

3. Surrogate model construction methodology

The construction of the surrogate model for the one-
dimensional case is straightforward as shown in equation (15),
and the discussion here is focused on the multi-dimensional
case instead.

3.1. Standard procedure for constructing MQDP polynomial
surrogate

Consider a set of MQDPs with κ points at xi, i = 1,2, . . . ,κ,
where xT = [x1] for the one-dimensional case, xT = [x1,x2]
for the two-dimensional case, and xT = [x1,x2,x3] for the
three-dimensional case. The same notation can be extended
to higher dimensions, e.g. for the d-dimensional case, xT =
[x1,x2, . . . ,xd] for d ∈ N. For one-dimensional cases, a basis of
a complete p-order polynomial is the set

P(x) =
{
1,x1,x

2
1,x

3
1, . . . ,x

p
1

}
. (23)

In this case, the number of MQDPs required to identify the
polynomial coefficients is p + 1. Evidently, extending to d-
dimensional cases can be done by enumerating all the terms
through the tensor product grid of monomials schematically
shown in figure 1. Figure 1(a) shows the monomial grid res-
ulting from the tensor product of the two one-dimensional
bases

{
1,x1,x21, . . . ,x

5
1

}
and

{
1,x2,x22, . . . ,x

5
2

}
in the two-

dimensional space. Similarly, the tensor product of the bases{
1,x1,x21

}
,
{
1,x2,x22

}
, and

{
1,x3,x23

}
generates the monomial

grid in figure 1(b) in the three-dimensional space. It is pos-
sible to generate a grid with different maximum orders in each
dimension. For example,

{
1,x1,x21

}
⊗
{
1,x2,x22,x

3
2

}
⊗{1,x3}

generates a tensor grid with 24 nodes, and in this case p(x)
forms the set of 24 monomial terms. Moreover, the polyno-
mial terms in the three dimensions are 3, 4, and 2, respect-
ively, and the corresponding numbers of MQDPs are 3, 4, and
2, respectively.

The nodal monomial terms thus form the basis of the poly-
nomial surrogate model. For the one shown in figure 1(a), the
number of the basis terms is 25, and the maximum monomial
order is 10, which is the summation of the maximum orders in
each dimension. The resulting basis is the set

P(x) = p(x1,x2) =
{
1,x1,x2,x1x2,x

2
1,x

2
2, . . . ,x

5
1x

5
2

}
. (24)

For the grid shown in figure 1(b), the maximum order is 6
and the basis is the set of nodal monomials

p(x) = p(x1,x2,x3)

=
{
1,x1,x2,x3,x1x2,x2x3,x3x1,x

2
1,x

2
2,x

2
3, . . . ,x

2
1x

2
2x

2
3

}
.

(25)

Sum up all the basis monomial terms with their coefficients
to obtain the polynomial surrogate model

M(x) = p(x)αT, (26)

where α= [α1,α2, . . . ,ακ] are the vector of coefficients to be
identified, and κ is the number of monomials in p(x). It is
noted that the number of coefficients is identical to the num-
ber of MQDPs; therefore, the coefficients can be resolved by
solving the set of linear equations

y(ξ 1)
y(ξ 2)
y(ξ 3)

...
y(ξ κ)

=


P(x1|ξ 1)
P(x2|ξ 2)
P(x3|ξ 3)

...
P(xκ|ξ κ)

 ·


α1

α2

α3
...
ακ

 (27)

to have

αT =


α1

α2

α3
...
ακ

=


P(x1|ξ 1)
P(x2|ξ 2)
P(x3|ξ 3)

...
P(xκ|ξ κ)


−1

·


y(ξ 1)
y(ξ 2)
y(ξ 3)

...
y(ξ κ)

. (28)

In equations (27) and (28), the term p(xi|ξ i) , i = 1, · · · ,κ
denotes the monomial term vector evaluated at the ith
design point ξ i, and y(ξ i) , i = 1, · · · ,κ denotes the true
model evaluated at the ith design point. For example, given
the monomial term vector in equation (25), p(x1|ξ 1) ={
1, ξ 11, ξ 12, ξ 13, ξ 11ξ 12, ξ 12ξ 13, ξ 13ξ 11, · · · , ξ 211ξ 212ξ 213

}
, and

ξ 11, ξ 12, and ξ 13 are the values of the first DP for the three
variables.

Note that the first term on the right-hand-side of
equation (27), i.e. [P(x1) ,p(x2) ,p(x3) , · · · ,p(xκ)]T, is a
square matrix, so the inversion exists. The final MQDP sur-
rogate model for predicting the response at input x is now
complete as

M(x) = p(x) ·




P(x1|ξ 1)
P(x2|ξ 2)
P(x3|ξ 3)

...
P(xκ|ξ κ)


−1

·


y(ξ 1)
y(ξ 2)
y(ξ 3)

...
y(ξ κ)



. (29)

To generate the multi-dimensional MQDPs using the
MQDPs of each variable, the function ‘combvec’ provided in
appendix A2 of [39] can be used. It is particularly suitable for
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Figure 1. (a) Tensor product grid in the two-dimensional space using the bases of order 5 in each dimension, and (b) tensor product grid in
the three-dimensional space using the bases of order 2 in each dimension.

high-dimensional problems with several nodes in each dimen-
sion, as in those scenarios the manual listing of the tensor
product would be less efficient. More importantly, the func-
tion ‘combvec’ is also suitable for the generation of monomial
terms in the basis vector of p(x) with the aid of the symbolic
toolbox; consequently, the whole procedure from generation
of MQDPs to the generation of monomials of the polynomial
surrogate and the final regression of fitting coefficients can all
be done in a streamlined computational pipeline. This allows
an arbitrary and computable black-box model to be surrogated
without special treatment or manual adjustment of the compu-
tational codes and algorithms. The whole procedure of con-
structing a surrogate model using MQDPs is summarized in
figure 2.

A simple example is given here to substantiate the proced-
ure. Consider a 3-dimensional problem with x= [x1,x2,x3].

Two MQ nodes in each dimension are used, resulting in a
total number of 23 MQDPs in the three-dimensional vari-
able space. The distributions of the three random variables
x1, x2, and x3 are uniform in [0, 1], Gaussian with zero
mean and unit variance, and exponential with a rate of 1,
respectively. Hence the basis of the surrogate model is the
tensor product of {1,x1}⊗{1,x2}×{1,x3}, and therefore
p(x) = {1,x1,x2,x3,x1x2,x2x3,x3x1,x1x2x3}, i.e. a tri-linear
monomial grid shown in figure 3(a). The MQ nodes for each
variable in the 3-dimensional variable space are shown in
figure 3(b).

In the example case, the two nodes for uniform, Gaussian,
and exponential distributions are found as [0.21132, 0.78868],
[−1, 1], and [0.58879, 3.4142], respectively, following the cal-
culation steps in section 2.1. The tensor product of the three
sets of nodes yields the set of MQDPs

DPx (8) =

 0.2113 0.7887 0.2113 0.7887 0.2113 0.78868 0.2113 0.7887
−1 −1 1 1 −1 −1 1 1

0.5858 3.4142 0.5858 3.4142 0.5858 3.4142 0.5858 3.4142

T . (30)

Using the MQDPs in equation (30) to evaluate the true
model, and the eight model responses can readily be used
to obtain the fitting coefficients. To motivate the discus-
sion, y(x) = x1x2x3 is assumed, and the fitting coefficients

are obtained as c= [0,0,0,0,0,0,0,1]T, which reproduces
the true model. Despite the simplicity of the toy prob-
lem example, one notable fact is that certain coefficients
are zero, which indicates that those monomial terms with

7
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Figure 2. The standard procedure of MQDP surrogate model construction.

zero or almost zero coefficients in p(x) can be elimin-
ated. The accuracy of the surrogate model is assured by the
Weierstrass approximation theorem, which states that any
continuous real-valued function defined on a closed interval
can be approximated as closely as desired by a polynomial
function [44]. As the number of MQDPs is equal to the num-
ber of MQ nodes, which determines the polynomial exact-
ness of the surrogate, the accuracy of the surrogate there-
fore increases monotonically as the number of MQ nodes
increases.

3.2. Standard procedure for constructing sparse MQDP
polynomial surrogate

The curse of dimensionality can limit the construction of a
full-tensor surrogate model as the dimension of the problem
becomes larger. The k-node one-dimensional DPs can pro-
duce kd total number of MQDPs in the d-dimensional variable
space, which corresponds to kd monomial terms whose coeffi-
cients in turn require the inversion of a kd-by-kd matrix or the
solution of a set of kd linear equationswhen an iterativemethod

8
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Figure 3. (a) Tensor product grid showing nodal terms as monomials, and (b) the MQ nodes for each variable.

is used. In either case, the computation can be intractable when
d is large enough, e.g. d⩾ 20. Hence, it is necessary to extend
the standard procedure to deal with high-dimensional cases.
To achieve that, the sparse moment quadrature (SMQ) method
can be adopted to generate a sparse set of MQDPs. The SMQ
is formulated by incorporating the Smolyak sparse rule into
the standard MQ method.

The basic idea of the Smolyak rule is to omit the higher-
order interaction terms in the linear functional approximating
the true function. For example, the true function can be amulti-
dimensional integral while the linear functional is the Gauss
quadrature formula in the SMQ method. It is assumed that
these omitted terms have a negligible effect in the accuracy
of the linear functional, which is true for many practical prob-
lems as several studies suggest [45–47]. In other words, a trun-
cated version of the full-tensor quadrature formula is obtained
by prescribing a level parameter. The level parameter and the
number of dimensions collectively determine the maximum
order in the truncated set. In the context of surrogate model
building, the corresponding sparse tensor product reflects a
set of sparse monomial terms for building the sparse surrogate
model. This is analogous to the case in which the full-tensor
MQ reflects a full-tensor set of monomials in section 2.1. By
reducing the full tensor set to the sparse set, the exponential
scaling of the number of terms can be brought down to poly-
nomial scaling, and to a linear scaling at most. The level para-
meter also influences the polynomial exactness of the linear
functional; hence it is possible to increase the level parameter
to enhance the accuracy of the approximation.

The detailed method for generating SMQ nodes and
weights can be found in [39], and the generation of the
sparse monomial terms is of concern here. Denote F (i) i =
1, . . . ,d as one-dimensional linear operators, e.g. the expecta-
tion operator Ep in equation (13). For the d-dimensional linear
operator, the tensor product of all possible combinations is
written as

F (d) = F (1) ⊗F (2) ⊗ ·· ·⊗F (d) =
d
⊗
i=1

F (i). (31)

In practice, the linear functional may not have a closed-
form expression, and an approximation linear functional,
namely, the ki-node (ki ∈ N) moment quadrature, is used to
approximate F (i). Denote the approximation functional as
F (i)
ki

F (i)
ki
f =

ki∑
j=1

wjf(ξ j) , (32)

and

lim
ki→∞

∥F (i)f −F (i)
ki
f∥= 0. (33)

The term F (i)
ki

can be expressed as a telescoping sum,

F (i)
ki

= F (i)
1 +

(
F (i)

2 −F (i)
1

)
+
(
F (i)

3 −F (i)
2

)
+ . . .+

(
F (i)
ki

−F (i)
ki−1

)
. (34)

Using equations (34) and (33), F (i) is written as

F (i) =
∞∑
j=1

(
F (i)
j −F (i)

j−1

)
, (35)

where F (i)
0 := 0. Let ∆

(i)
j = F (i)

j −F (i)
j−1, equation (35)

becomes

F (i) =
∞∑
j=1

∆
(i)
j , (36)

9
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with ∆
(i)
1 := F (i)

1 . For the d-dimensional case, substituting
equation (36) into equation (31) gives

F (d) = f(1) ⊗ ·· ·⊗ f(d) =

 ∞∑
j1=1

∆
(1)
j1

⊗ ·· ·⊗

 ∞∑
jd=1

∆
(d)
jd

 ,
=

k1→∞∑
j1=1

· · ·
kd→∞∑
j1=1

d
⊗
i=1

∆
(i)
ji =

∞∑
∥k∥1=1

d
⊗
i=1

∆
(i)
ji (37)

where k= (j1, j2, . . . , jd) ∈ Nd is the multi-index for the nodes
in each dimension, ∥k∥1 :=

∑d
i=1 |ji| is the ℓ1 norm, and ji =

{1,2, . . . ,ki} for i = 1, . . . ,d. It is noted that equation (37) is
exact but has an infinite number of terms, and it is evident that
∆

(i)
ki

→ 0 as ki →∞; hence it is possible to omit terms with
little influence on the accuracy. It can be highly nontrivial in
practice to identify important terms apriori; therefore, it is intu-
itive to truncate the full set by introducing a level parameter
L such that the terms with ∥k∥1 ⩽ L+ d are kept. This linear
truncation is equivalent to truncating along the diagonal of the
full tensor grid. The truncated version of the linear functional
can be deduced using the combinational method as

f(d) ≈ F(d)
d+L =

∑
max{d,L+1}⩽∥k∥1⩽L+d

k∈Nd,k⩾1

(−1)L+d−∥k∥1

×

(
d− 1

L+ d−∥k∥1

)
d
⊗
i=1

f(i)ji (38)

where k⩾ 1 represents element-wise larger than or equal to,
andF (i)

ji is the ith dimensional univariate linear functional, i.e.
ji-node quadrature operator.

Figure 4 illustrates the truncation using a three-dimensional
problem where the finite numbers of nodes in the two dimen-
sions are k1 = k2 = k3 = 3. The full tensor product of the nodes
indexed by (1, . . . ,k1), (1, . . . ,k2), and (1, . . . ,k3) is

{(j1, j2, j3)}full = (1,2,3)⊗ (1,2,3)⊗ (1,2,3)

= {(1,1,1) ,(2,1,1) ,(3,1,1) , · · · ,(1,3,3) ,(2,3,3) ,(3,3,3)}T, (39)

where each element of (j1, j2, j3) in the set indexes the j1th
node, j2th node, and j3th node in the first, second, and third
dimensions, respectively. The sum of an element in the multi-
index set, i.e. ∥K∥1 = j1 + j2 + j3, determines the order of the
monomial term corresponding to (j1, j2, j3). For example, (j1,
j2, j3) = (1, 2, 2) corresponds to xj1−1

1 xj2−1
2 xj3−1

3 = x2x3. If
the higher-order terms, e.g. ∥K∥1 > 5 can be omitted, the full
multi-index set can be reduced to the sparse set

{(j1, j2, j3)}sparse

=

{
(1,1,1) ,(2,1,1) ,(1,2,1) ,(1,1,2) ,(3,1,1) ,
(2,2,1) ,(1,3,1) ,(2,1,2) ,(1,2,2) ,(1,1,3)

}T

.

(40)

Recall that the order of polynomial for a variate is k − 1
where k is the number of MQDPs; therefore, the sparse set in

Figure 4. Terms eliminated (cross marker) and kept (solid marker)
in the 3-dimensional case with the maximum retained order 2. The
plane denotes the separation of the monomial tensor grid into two
subdomains for the kept and eliminated terms.

equation (40) corresponds to the monomial set

P(x) =
{
1, x1,x2,x3,x

2
1,x1x2,x

2
2,x1x3,x2x3,x

2
3

}
. (41)

The monomial terms in the set are shown as solid mark-
ers in figure 4 and the cross markers represent the eliminated
monomial terms. It is readily seen that the monomials in p(x)
can be obtained via the following expression

m([x1,x2,x3] ,(j1, j2, j3)] = xj1−1
1 xj2−1

2 xj3−1
3 . (42)

More generally, for a d-dimensional case and recall and k=
(j1, j2, . . . , jd) ∈ Nd,

m(x,k) =
d∏

i=1

xji−1
i , (43)

and all monomial terms can be enumerated by looping through
all possible multi-indices k such that max{d,L+ 1}⩽
∥K∥1 ⩽ L+ d as required by the summation operation in
equation (38). For example, equation (41) can be obtained
using equation (43) with each multi-index in equation (40).

In the full-tensor scenario in section 3.1, the number of DPs
and the number of fitting coefficients are identical; however,
this is not the case for the sparse version. In the sparse version.
The number of DPs is the sum of the element-wise products

10
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of each multi-index in the set of all possible k, i.e.

κ=
∑

max{d,L+ 1}⩽ ∥K∥1 ⩽ L+ d
k ∈ Nd,k⩾ 1

d∏
i=1

ji. (44)

Hence the number of sparse MQDPs is always larger than
the number of fitting coefficients for the sparse version of p(x).
For the multi-index set in equation (40), the total number of
DPs is 28 while the total number of fitting coefficients is 10.
The least squares method can be used identify the fitting coef-
ficients using the model response evaluated at the DPs and the
monomial terms such as

α̂= argminα
[
e(α)

T · e(α)
]
, (45)

where e is the model residual vector

e(α) =


y(ξ 1)
y(ξ 2)
y(ξ 3)

...
y(ξ κ)

−


P(x1|ξ 1)
P(x2|ξ 2)
P(x3|ξ 3)

...
P(xκ|ξ κ)

 ·


α1

α2

α3
...
ακ

. (46)

The solution to equation (45) writes

α̂T =




P(x1|ξ 1)
P(x2|ξ 2)
P(x3|ξ 3)

...
P(xκ|ξ κ)


T

P(x1|ξ 1)
P(x2|ξ 2)
P(x3|ξ 3)

...
P(xκ|ξ κ)





−1

×


P(x1|ξ 1)
P(x2|ξ 2)
P(x3|ξ 3)

...
P(xκ|ξ κ)




y(ξ 1)
y(ξ 2)
y(ξ 3)

...
y(ξ κ)

 . (47)

With the fitted coefficients, the sparse MQDP surrogate
model is finally obtained as

M(x) = p(x)α̂T. (48)

The overall procedure for constructing a sparse MQDP sur-
rogate model from scratch is summarized in figure 5. The dif-
ference between the standard and sparse MQDP model con-
structions lies mainly in the generation of the sparse DP and
the sparse monomials as well as the resolving of fitting coef-
ficients. Moreover, the fitting residual of the sparse model
always exists while for the standard model the fitting residual
is absent.

One of the notable advantages of the moment quadrat-
ure surrogate modeling is that once the model responses at
the design points are evaluated, the responses can directly be
used to evaluate many useful quantities by mixing the weights

associated with those design points, such as mean and vari-
ance for uncertainty quantification and/or Sobol’ sensitivity
indices for sensitivity analysis etc. By ‘directly’, it means
that no new model runs either with the true model or with
the surrogate model is needed. This benefit is tied to the
fact that the design points are quadrature nodes and those
true model responses obtained during the surrogate model
building process can be combined with quadrature weights
to yield desired quantities as those quantities such as statist-
ical moments and Sobol’ indices are no more than integrals
which are primary computational goals of the moment quad-
rature method in the first place. For completeness, the for-
mulations for statistical moment evaluation and global sens-
itivity analysis based on the MQDP surrogate are provided
in the Appendix. These procedures have been thoroughly
investigated and validated in previous studies. Specifically,
the computation of moments using moment quadrature tech-
niques was systematically examined in [39], and the eval-
uation of Sobol’ global sensitivity indices was detailed in
[48], where extensive benchmark examples and comparisons
with analytical solutions and Monte Carlo-based results were
reported.

It is worth noting that the curse of dimensionality poses a
fundamental challenge for high-dimensional surrogate mod-
eling. For a full tensor product k-node quadrature rule in d
dimensions, the number of design points scales as Nfull = kd,
which becomes intractable even for moderate d. In contrast,
the sparse constructions based on the Smolyak rule can sig-
nificantly reduce the growth rate to polynomial order of ∝
dL with a level parameter L. In the extreme case of L = 1,
the number of design points for sparse MQDP is 2d + 1,
being a linear scaling. The detailed derivation of the scaling
factor of the two can be found in, e.g. [39]. This reduction
enables practical surrogate construction for high-dimensional
problems when low-to-moderate interaction orders dominate
the response behavior. The sparse MQDP strategy adopted
in this work leverages this property, making surrogate mod-
eling feasible for problems with tens to hundreds of ran-
dom variables, as demonstrated in the numerical examples of
section 4.

Post-trimming can be performed to drop polynomial terms
whose coefficients are negligible in the built surrogate. In the
present study, after constructing the polynomial surrogate, the
absolute value of each coefficient is normalized with respect
to the maximum coefficient magnitude in the surrogate.
Terms whose normalized magnitude falls below a prescribed
tolerance of 10−8 are regarded as numerically trivial and
removed.

4. Benchmark and application examples

The accuracy and efficiency of the proposed method
are demonstrated using standard benchmarking problems
provided by the Surrogate Modeling Toolbox (SMT) [49].
The problem set offers a variety of problems used by many
surrogate modeling studies.
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Figure 5. The standard procedure of sparse MQDP surrogate model construction.

4.1. Sphere function

The d-dimensional sphere function, i.e. the true model,
defined as y(x) =

∑d
i=1 x

2
i with d = 2 and x1,x2 ∈

[−10,10] is examined using standard MQDP with k1 =
k2 = 3. A total number of 9 MQDPs are obtained via
(−7.746,0,7.746)⊗ (−7.746,0,7.746), where the two vec-
tors are MQ nodes acquired following section 2. The
monomials p(x) are identified via

(
1,x1,x21

)
⊗
(
1,x2,x22

)
as

{
1,x1,x21,x2,x1x2,x

2
1x2,x

2
2,x1x

2
2,x

2
1x

2
2

}
. The model fit-

ting coefficients are obtained using equation (28) as α=

[0,0,1,0,0,0,1,0,0], and the resulting surrogate model is
M(x) = p(x)αT = x21 + x22 which restores the true model.
The performance of the built surrogate model is studied using
a random set of MC samples. The surrogate model predic-
tion results for the random validation points are compared
with those obtained using the true model. Figure 6(a) shows
the built surrogate model and the MQDPs, and figure 6(b)
presents the prediction performance of the built model. In this
case, the MQDP surrogate restores the true model and thus
there is no deviation between the prediction results and the
true values.
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Figure 6. (a) The built surrogate and MQDPs, and (b) model prediction vs. true value for 106 random points. Sphere function.

4.2. Branin function

The Branin function is given by

y (x) =
(
x2 −

5.1
4π 2 x

2
1 +

5
π
x1 − 6

)2

+ 10

(
1− 1

8π

)
cos(x1)+ 10,

(49)

where x= (x1,x2) with −5⩽ x1 ⩽ 10 and 0⩽ x2 ⩽ 15. The
MQDP model was built with k1 = k2 = 10. Figure 7(a)
presents the built surrogate model with MQDPs, and
figure 7(b) shows the model prediction and the true values.
The standard deviation of the model prediction residuals is
0.4362. A refined model with k1 = k2 = 13 can further reduce
the standard deviation to 0.054. It is noted that the Branin
function cannot be fully restored due to the existence of the
trigonometric function, but the prediction error can asymp-
totically approach zero as the number of MQDPs increases.

4.3. ℓp-norm function

The ℓp -norm of a vector is defined as

y(x) =
(

d∑
i=1

|xi|p
)1/p

, (50)

where x= [x1,x2], p= 3, and x1,x2 ∈ [−1,1]. Figures 8(a) and
(b) present the built MQDP surrogate model with k1 = k2 = 7
and the MQDPs, and the prediction results and true values for
106 random points, respectively. Deviations can be seen from
figure 8(b) resulting from the fluctuation of the polynomial
surface.

4.4. 20-dimensional Rosenbrock function

The 20-variate Rosenbrock function is expressed as

y(x) =
20∑
i=1

[(
xi+1 − x2i

)2
+(xi− 1)2

]
, (51)

where xi ∈ [−2,2] for i = 1, . . . ,20. Here the dimension is too
large for the regularMQDPmodel. Even for ki = 2 the number
of MQDPs would be 220. Therefore, the sparse MQDP model
with a level parameter L = 4 is used. In this case, the number
of elements in the multi-index set 20⩽ |k|1 ⩽ 24 is 10 626,
which corresponds to the number of monomials in p(x). The
number of sparse DPs is 135 751, and the resulting number of
fitting coefficients that are larger than 10−8 is only 78. In fact,
using the level parameter L= 4 can fully restore the true func-
tion as the true function in equation (51) is indeed a polynomial
with 78 terms. The model prediction results for 106 random
points in the 20-variate space and the true values are shown in
figure 9(a). For comparison, the MQDP surrogate model with
L = 3 cannot fully restore the polynomial and deviations are
shown in figure 9(b). In the latter case, the total number of
monomials in p(x) is 1771 and after trimming the number of
effective terms is 59, and the total number of sparse MQDPs
is 12 341.

4.5. Tensor product functions

The four product functions are examined.

y(x) =



d∏
i=1

cos(π xi) ,−1⩽ xi ⩽ 1

d∏
i=1

exp(xi) ,−1⩽ xi ⩽ 1

d∏
i=1

tanh(xi) ,−1⩽ xi ⩽ 1

d∏
i=1

exp
(
−2x2i

)
,−1⩽ xi ⩽ 1

, (52)

where x= x1,x2, . . . ,xd. To visualize the functions, d = 2 is
tested. The results are shown in figure 10 where the compar-
isons with true values show the built MQDP surrogate mod-
els are accurate to capture the variations in those nonlinear
functions. The numbers of MQDPs for the four functions of
‘cos’, ‘exp’, ‘tanh’, and ‘Gaussian’ are 49, 25, 25, and 49,
respectively.
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Figure 7. (a) The built surrogate and MQDPs, and (b) model prediction vs. true value for 106 random points. Branin function.

Figure 8. (a) The built surrogate and MQDPs, and (b) model prediction vs. true value for 106 random points. ℓp -norm function with p = 3.

Figure 9. Results on model prediction vs. true value for 106 random points. 20-variate Rosenbrock function. Sparse MQDP surrogate
models built with (a) L = 4, and (b) L = 3.
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Figure 10. (a), (c), (e), (g) The built surrogate model and MQDPs, and (b), (d), (f), (h) model prediction vs. true value for random points for
tensor product functions of ‘cos’, ‘exp’, ‘tanh’, and ‘Gaussian’, respectively.

15



J. Reliab. Sci. Eng. 2 (2026) 025002 X Guan

Figure 11. The schematic diagram of the 17-segment stepped
cantilever beam.

4.6. A 51-variate stepped cantilever beam

The tip deflection of a 17-segment stepped cantilever beam
shown in figure 11 is expressed as

y(x) = P
3E

d∑
i=1

 12
bih3i

( d∑
j=i
lj

)3

−

(
d∑

j=i+1
lj

)3
 , (53)

where d = 17, x= [b1,h1, l1, . . . ,bd,hd, ld] is the random vec-
tor, andP= 50 kN andE= 200 GPa are the applied transverse
force at the tip and Young’s modulus, respectively. The width,
height, and length of the ith rectangular cross-section segment
are bi ∈ [0.04,0.05], hi ∈ [0.3, 0.5] , and li ∈ [0.8, 1], respect-
ively for i = 1, . . . ,d. The number of random variables is 51 in
this case.

In this case, the sparse MQDP surrogate model is built with
a level parameter of L = 2, which generates a total number of
5356 MQDPs and a total number of 1378 monomial terms.
To verify the performance of the surrogate model, 104 random
points are generated and tested. Figure 12(a) presents the res-
ults on model prediction vs. true value for the random points,
and figure 12(b) shows the empirical PDF of the model predic-
tion residuals. The standard deviation of the model prediction
residuals is 0.0034, implying that the built surrogate model can
offer accurate prediction results.

4.7. Mixed cantilever beam

The mixed cantilever beam has twelve distinct cross-sections
with each associated with a dimensionless second moment of
area Ĩ about its neutral axis. The tip deflection can therefore be
expressed as

y(x) = P
3E

L3

S2 Ĩ
, (54)

where x= [L,S] with L ∈ [10,20] and S ∈ [1,2], and Ĩ ∈
{0.0833, 0.139, 0.38, 0.0796, 0.133, 0.363, 0.0859, 0.136,
0.36, 0.0922, 0.138, 0.369}. Using k1 = k2 = 4, the 16
MQDPs and the built model are shown in figure 13(a).
Figure 13(b) presents the validation results on the surrogate
predictions vs. the true values of 106 random testing points,
where a close agreement between the two is shown.

4.8. 8-variate robot arm problem

The robot arm function is a widely used problem in neural net-
work studies. The function models a 4-segment planar manip-
ulator whose shoulder arm is fixed at the origin of the plane.
The segments have lengths L1, L2, L2, and L4. The first segment
is rotated by an absolute angle θ1 from the horizontal, and seg-
ment t is rotated by θt relative to segment t − 1 for t= 2,3,4.
The end position of the robot arm can then be expressed as

y(x) =

√√√√[ 4∑
i=1

Licos

(
i∑

j=1
θj

)]2
+

[
4∑

i=1
Lisin

(
i∑

j=1
θj

)]2
,

(55)

where Li ∈ [0,1] for i = 1, . . . ,4 and θj ∈ [0,2π ] for j =
1, . . . ,4. The total number of random variables is 8. A regu-
lar MQDP surrogate model is built with kt = 4 for t= 1, . . . ,8.
This setup generates 65 535 MQDPs and the resulting surrog-
ate model prediction vs. true values for 103 random points are
presented in figure 14(a), and the empirical PDF of the model
prediction residuals is shown in figure 14(b).

4.9. 15-variate torsion vibration problem

The torsional vibration frequency of a disk-shaft rotor shown
in figure 15(a) is determined by a 15-variate function,

y(x) = 1
2π

(
−b−

√
b2−4ac
2a

)1/2
, (56)

where a= 1, b=−
(
K1+K2
J1

+ K2+K3
J2

)
, c= K1K2+K2K3+K3K1

J1J2
,

Ki =
πGidi
32Li

for i = 1,2,3, and Mj =
π
4gρjtjDj and Jj = 1

8MjD2
j

for j = 1,2. The term g= 9.8 is constant. The nom-
inal values of the disk and shaft parameters are given
in table 1. The parameters are uniform random variables
centered at their nominal values with a 5% maximum
deviation amplitude around the nominal values, e.g. d1 ∈
[1.9, 2.1] etc. The assumed deviation range reflects the poten-
tial manufacturing uncertainty. The random variable x=
[d1,L1,G1,d2,L2,G2,d3,L3,G3,D1, t1,ρ1,D2, t2,ρ2].

The sparse MQDP surrogate model is built with the level
parameter L= 1, resulting in a total of 31 sparse MQDPs. The
built surrogate model is a 16-term linear model. Figures 15(a)
and (b) show the model predictions vs. the true values of 103

random points, and the empirical PDF of the prediction resid-
uals, respectively. In this case, the surrogate model performs
well, and the overall prediction error is below 1% of the nom-
inal frequency.

4.10. Water flow rate problem

The flowrate of water through a borehole that is drilled from
the ground surface through two aquifers is described by the
following equation,

y(x) = 2πTu(Hu−Hl)

ln(r/rw)

[
1+ 2LHu

ln(r/rw)r2wKw
+ Tu

Tl

] , (57)
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Figure 12. (a) Results on model prediction vs. true value for 104 random points, and (b) the histogram of the model prediction residuals.
Stepped cantilever beam function.

Figure 13. (a) The built surrogate and MQDPs, and (b) model prediction vs. true value for 106 random points. Mixed cantilever beam.

Figure 14. (a) Results on model prediction vs. true value for 103 random points, and (b) the histogram of the model prediction residuals.
Robot arm function.
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Figure 15. (a) Schematic diagram of the disk-shaft rotor, (b) results on model prediction vs. true value for 103 random points, and (c) the
histogram of the model prediction residuals. Torsional vibration function.

Table 1. The nominal values of the shaft and disk parameters.

Parameter Shaft 1 Shaft 2 Shaft 3 Disk 1 Disk 2

Diameter (in.) d1 = 2 d2 = 1.825 d3 = 2.25 D1 = 12 D2 = 14
Length (in.) L1 = 10 L2 = 12 L3 = 8 t1 = 3 t2 = 4
Modulus, G (lb/in.2) Density, ρ, (lb/in.3) G1 = 11.7 · 106 G2 = 6.2 · 106 G3 = 3.9 · 106 ρ1 = 0.28 ρ2 = 0.1

Figure 16. (a) Results on model prediction vs. true value for 104 random points, and (c) the histogram of the model prediction residuals.
Water flowrate function.

where the eight input random variables and their ranges are
the radius of borehole, rw ∈ [0.05, 0.15] m, the radius of
influence, r ∈ [100, 50000] m, the transmissivity of upper
aquifer, Tu ∈ [63070, 115600] m2 year−1, the potentiomet-
ric head of upper aquifer, Hu ∈ [990, 1110] m, the trans-
missivity of lower aquifer, Tl ∈ [63.1, 116] m2 year−1, the
potentiometric head of lower aquifer, Hl ∈ [700, 820] m, the
length of borehole, L ∈ [1120, 1680] m, and the hydraulic
conductivity of borehole, Kw ∈ [9855, 12045] m year−1. The
random variables form the 8-variate random vector x=
[rw,r,Tu,Hu,Tl,Hl,L,Kw]. Using the regular MQDP surrog-
ate model construction with ki = 4 for i = 1, . . . ,8, a total
number of 65 536 MQDPs are generated. The built model
is tested with 104 random points, and model prediction res-
ults are compared with the true values. Results are shown in

figure 16(a), and the empirical PDF of model prediction resid-
uals is shown in figure 16(b). The built model can yield very
accurate predictions.

4.11. Welded beam problem

The welded beam problem is widely used in genetic
algorithms literature. The shear stress of the welded beam is
expressed as

y(x) =

√
τ ′2 + τ ′ ′2 + lτ ′τ ′ ′/

√
0.25

[
l2 +(h+ t)2

]
,

(58)
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Figure 17. (a) Results on model prediction vs. true value for 104 random points, and (c) the histogram of the model prediction residuals.
Welded beam stress function.

where τ ′ = 6000√
2hl

and τ ′ ′ =
6000(14+l/2)

√
0.25[l2+(h+t)2]

√
2hl[l2/12+0.25(h+t)2]

. The

three design variables x= [h, l, t] are h ∈ [0.125, 1], l ∈
[5, 10], and t ∈ [5, 10]. A 6-node MQ rule is used to gener-
ate a total number of 216 MQDPs. The built MQDP surrogate
model has 216 effective terms, and the model prediction res-
ults on 104 random points are compared with true values and
shown in figure 17. Overall, the surrogate model demonstrates
satisfactory performance in the random test.

4.12. Aircraft wing weight function

The following analytical expression is used as a conceptual
level estimate for the aircraft wing weight,

y(x) = 0.036S0.785w W0.0035
fw

(
A

cos2Λ

)0.6

q0.006λ0.04

×
(
100Rtc
cosΛ

)−0.3

(NzWdg)
0.49

+ SwWp, (59)

where the 10 random variables are detailed in table 2.
Here the sparse MQDP surrogate model is built with a level

parameter of L = 3. A total number of 1771 design points
are generated, and the number of effective monomial terms
in the surrogate model is 117. The built model is used to
predict 104 random points in the design space, and the res-
ults are compared with true values. The comparisons and the
empirical PDF of the model prediction residuals are presen-
ted in figures 18(a) and (b), respectively. The mean weight is
626.3 lb while the standard deviation of the prediction resid-
uals is 6.65 lb which is about 2 orders smaller, implying the
model can in general yield accurate predictions.

4.13. Ishigami function

The Ishigami function is a standard testing function in sensitiv-
ity analysis. Despite its simple form, the function is considered
highly nonlinear and the surrogate modeling on this function

is challenging. The Ishigami function writes

y(x) = sin(x1)+ 7sin2 (x2)+ 0.1x43 sin(x1) , (60)

where x= [x1,x2,x3] and x1,x2,x3 ∈ [−π ,π ]. The regular
MQDP surrogate model is built with k1 = k2 = k3 = 10, ren-
dering a total number of 1000 MQDPs. The built model is
tested with 104 random points, and the comparison between
the model prediction and true values is shown in figure 19,
where a close agreement between the two can be observed.

4.14. 100-dimensional function

The so-called 100D function from UQLab1 is expressed as

y(x) = 3− 5
d

d∑
i=1

ixi+
1
d

d∑
i=1

ix3i +
1
3d

d∑
i=1

iln
(
x2i + x4i

)
+ x1x

2
2 + x2x4 − x3x5 + x51 + x50x

2
54, (61)

where x= [x1, . . . ,x100], xi ∈ [1,2], i ̸= 20, x20 ∈ [1,3], and
d= 100. The sparse MQDP model is built using a level para-
meter of L= 2, resulting in 20 301MQDPs and 5151 effective
monomial terms in the sparse MQDP surrogate model. A total
number of 104 random points in the 100-variate space are gen-
erated for model performance verification, and the model pre-
dictions of the random input points are compared with the true
values obtained using equation (61). The results are presented
in figure 20(a), and the empirical PDF of the model predic-
tion residuals is shown in figure 20(b). The results demonstrate
the effectiveness and accuracy of the sparse MQDP surrog-
ate model. This example is intended to demonstrate the feas-
ibility and robustness of the sparse MQDP-based surrogate
framework in a genuinely high-dimensional setting. Although
the absolute number of design points remains non-trivial, it
represents a substantial reduction compared to full tensor-
product constructions and enables stable surrogate reconstruc-
tion without adaptive refinement or problem-specific tuning.

1 www.uqlab.com/sensitivity-high-dimension.
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Table 2. The random variables and their ranges.

xi Parameter Symbol Range

1 Wing area (ft2) Sw [150, 200]
2 Weight of fuel in wing (lb) Wfw [220, 300]
3 Aspect ratio A [6, 10]
4 Quarter-chord sweep (deg.) Λ [−10, 10]
5 Dynamic pressure at cruise (lb/ft2) q [16, 45]
6 Taper ratio λ [0.5, 1]
7 Aerofoil thickness to chord ratio Rtc [0.08, 0.18]
8 Ultimate load factor Nz [2.5, 6]
9 Flight design gross weight (lb) Wdg [1700, 2500]
10 Paint weight (lb/ft2) Wp [0.025, 0.08]

Figure 18. (a) Results on model prediction vs. true value for 104 random points, and (c) the histogram of the model prediction residuals.
Wing weight function.

Figure 19. (a) Results on model prediction vs. true value for 104 random points, and (c) the histogram of the model prediction residuals.
Ishigami function.

The results therefore highlight the scalability of the proposed
deterministic methodology rather than optimal performance
under extreme computational cost constraints.

It is important to clarify that the proposed MQDP-based
surrogate modeling framework is not a PCE-based method.
While both approaches employ polynomial representations,
classical PCE constructs an orthogonal polynomial expan-
sion of the model response and determines expansion coef-
ficients via projection or regression techniques. In contrast,

the MQDP framework treats moment quadrature nodes as
deterministic design points for direct polynomial surrogate
construction on monomial bases. The quadrature structure
ensures optimal polynomial exactness of statistical moment
evaluation, rather than serving as a projection tool for ortho-
gonal expansion coefficients. Consequently, MQDP-based
surrogate modeling constitutes a deterministic quadrature-
guided polynomial interpolation framework rather than a PCE
methodology.
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Figure 20. (a) Results on model prediction vs. true value for 104 random points, and (c) the histogram of the model prediction residuals.
100D function from UQLab.

Kernel-based surrogate models, such as Kriging or GP
regression, rely on fundamentally different approximation
mechanisms and modeling assumptions, including kernel
selection and hyperparameter optimization. It should be noted
that the objective of the present work is to establish a determin-
istic surrogate framework with guaranteed polynomial exact-
ness properties. A comprehensive performance comparison
with kernel-based surrogate models such as GP regression is
beyond the scope of this study and will be considered in future
investigations.

While polynomial-based approximations may suffer
from ill-conditioning when very high polynomial orders or
excessively large basis sets are used, numerical stability in the
present framework is maintained by adopting moderate quad-
rature levels, sparse-grid MQDP constructions, and optional
pruning of negligible polynomial terms. Regularization tech-
niques are not explicitly employed in this study, as no numer-
ical instability was observed for the considered examples.
The incorporation of conditioning control and regularization
strategies for more challenging scenarios is a subject of future
work.

5. Conclusions

The study developed a new methodology for constructing
surrogate models via MQDPs. The mathematical features of
the MQDPs assure a deterministic and definitive procedure
to be established. Unlike traditional random or semi-random
sampling approaches, the proposed framework leverages the
exactness properties of Gauss quadrature to guarantee a the-
oretically justified basis selection and numerical stability
for model construction. The methodology is general, fully
algorithmic, and applicable to a broad range of PDFs, includ-
ing nonuniform and empirical distributions. Extensive tests on
analytical benchmarks, high-dimensional synthetic problems,
and engineering applications, including a 51-variate stepped
cantilever beam and a 100-dimensional function, demon-
strated the accuracy, computational efficiency, and scalab-
ility of the proposed framework. For example, the sparse
MQDP surrogate for the 20-dimensional Rosenbrock function
successfully recovered the exact polynomial structure using

135 751 design points while retaining only 78 effective
monomial terms. In the 51-variate stepped cantilever beam
problem, accurate predictions were achieved with a sparse
construction using 5356 design points. The 100-dimensional
benchmark example further demonstrated stable surrogate
reconstruction with 20 301 MQDPs and 5151 effective
monomial terms, highlighting the scalability of the determin-
istic sparse framework. Based on current results, the following
conclusions can be drawn.

(1) A unified MQDP generation scheme is developed to
deterministically produce design points for surrogate model-
ing under prescribed PDFs. The proposed approach avoids the
arbitrariness associated with random sampling strategies such
as LHS and remains applicable to nonuniform and empirical
input distributions.

(2) The proposed framework directly exploits the algeb-
raic exactness of Gauss quadrature. When polynomial basis
functions up to the quadrature order are employed, surrogate
models constructed on MQDPs recover statistical moments
exactly, including mean, variance, skewness, and kurtosis.
This property establishes MQDP-based surrogates as an
optimal polynomial approximation strategy for a given num-
ber of design points.

(3) The univariate MQDP concept is systematically exten-
ded to multi-dimensional problems through tensor-product
formulations, with linear correlation among input variables
incorporated via covariance-based transformations. To mitig-
ate the curse of dimensionality, a sparse MQDP construction
based on the Smolyak rule is introduced, enabling efficient sur-
rogate modeling for high-dimensional problems. Numerical
examples demonstrated stable performance in problems with
up to 100 randomvariables, whilemaintaining controlled basis
growth and accurate prediction capability.

(4) The methodology provides an automated pipeline for
surrogate construction, including monomial basis genera-
tion, coefficient regression, and optional pruning of negli-
gible terms. Owing to the quadrature nature of MQDPs, the
same set of model evaluations can also support uncertainty
quantification and global sensitivity analysis without
additional computations, thereby improving overall computa-
tional efficiency.
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In the present work, dependence among input variables
is treated using covariance-based transformations, which are
suitable for modeling linear correlation structures. General
nonlinear correlations, such as those described by non-
Gaussian copulas or higher-order dependence, cannot be dir-
ectly accommodated within the current framework. Extending
the proposed approach to incorporate nonlinear depend-
ence modeling is an important direction for future research.
Moreover, structural response field problems, which involve
spatially distributed outputs and additional discretization or
model reduction steps, are beyond the scope of the present
study and will be investigated in future work. While the
moment quadrature formulation does not require an expli-
cit analytical PDF and can, in principle, be constructed from
empirical moments, the present study does not include numer-
ical examples based on empirical input distributions. In such
cases, the accuracy of high-order empirical moments and the
positive definiteness of the associated Hankel matrix may
affect the robustness of the quadrature construction, and their
systematic treatment is left for future work.
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Appendix

A.1. Mean, variance, and high-order moments for uncertainty
quantification

The kth-order raw statistical moment of the true model can
be obtained using the full-tensor MQDPs and their associated
weights as,

E
[
pk (x)

]
≈

κ∑
i=1

wiw
k (xi) , (62)

where xT = [x1,x2, . . . ,xd], and xi, i = 1, . . . ,κ is the ith ele-
ment in the set formed by the tensor product of the univariate
MQDP for each random variable in the d-dimensional variable
space, and wi is the composite weight of the ith element, com-
puted as the product of the nodal weights. The detailed math-
ematical background and derivations can be found in, e.g. [37,
38].

For sparse version, the kth-order raw statistical moment is
formulated as [39]

E
[
yk (x)

]
≈

L+d∑
l=max{d,L+1}

∑
∥K∥1=l

K∈Nd,K⩾1(−1)L+d−l

(
d− 1

L+ d− l

)
k1∑

i1=1

· · ·
kd∑
id=1

w(1)
k1,i1

· · ·w(d)
kd,id

y
(
ξ
(1)
k1,i1

, · · ·
)
ξ
(d)
kd,id

,
(63)

where ξ (i)ki,j andw
(i)
ki,j

are the jth node (i.e. MQDP) and weight of
the ki-node univariate MQ rule in the ith dimension, respect-
ively, and the other symbols are defined as before.

A.2. Sobol’ sensitivity indices for sensitivity analysis

The first-order Sobol’ sensitivity indices are a decomposi-
tion of the variance of the model response for input vari-
ables. Sobol’ showed that a d-dimensional function ywith uni-
form input of x= [x1,x2, . . . ,xd] ∈ Ud ≡ [0,1]d, can uniquely
be decomposed into summands of increasing dimensionality
such that,

y(x) = y0 +
d∑

i=1

yi (xi)+
∑

1⩽i<j⩽d

yij (xi,xj)

+
∑

1⩽i<j<k⩽d

yijk (xi,xj,xk)+ y1,...,d (x1, ..,xd) , (64)

given that the integral of each of the summands
yi1,i2,...,is (xi1 ,xi2 , . . . ,xis) over any of its independent variables
is zeroˆ

U

yi1,i2,...,is (xi1 ,xi2 , . . . ,xis)dxik = 0,∀1⩽ k⩽ s, k ∈ N. (65)

The constant term y0 is the mean of the model response,

y0 =
ˆ

Ud

y(x)dx. (66)

With above setting, the total variance by definition is

D=

ˆ

Ud

y2 (x)dx− y20, (67)

which can alternatively be expressed as

D=
d∑

i=1

Di+
∑

1⩽i⩽j⩽d

Dij+ · · ·+D1,2,...,d, (68)

where the summand

Di1,i2,...,is =
´
Us

y2i1,i2,...,is (xi1 , . . . ,xis)dxi1 . . .dxis . (69)

The ratio

Si1,i2,...,is =
Di1,i2,...,is

D
, (70)

is the so-called s-order Sobol’ sensitivity index. With
equation (69), the first-order term for the ith variable in the
d-dimensional variable space is

Di =

1ˆ

0

ˆ y(x)dx∼i

[0,1]d−1

−y0


2

dxi, (71)
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where x∼i ∈ Ud−1 ≡ [0,1]d−1 is the (d− 1) -dimensional ran-
dom variable excluding the ith random variable. The second-
order term involving the ith and jth variables, i < j, is

Dij =

ˆ

[0,1]2

 ˆ
[0,1]d−2

y(x)dx∼i j−
ˆ

[0,1]d−1

y(x)dx∼i

−
ˆ

[0,1]d−1

y(x)dx∼j+ y0


2

dxidxj. (72)

Similarly, the third-order term, for i < j < k, writes

Dijk =

ˆ

[0,1]3

 ˆ
[0,1]d−3

y(x)dx∼ijk−
∑

1⩽i<j⩽d

ˆ

[0,1]d−2

y(x)dx∼i j

+
∑

1⩽i⩽d

ˆ

[0,1]d−1

y(x)dx∼i− y0


2

dxidxjdxk. (73)

These integrals can be evaluated using the MQDPs with
weights as

Di ≈
ki∑

αi=1

wαi

 k1∑
α1=1

· · ·
ki−1∑

αi−1=1

ki+1∑
αi+1=1

· · ·
kd∑

αd=1

wα1 · · ·wαi−1wαi+1 · · ·wαdy(ξ α1 , . . . , ξ αd)− y0

2

, (74)

Dij ≈
ki∑

αi=1

kj∑
αj=1

wαiwαj



k1∑
α1=1

· · ·
ki−1∑

αi−1=1

ki+1∑
αi+1=1

· · ·
kj−1∑

αj−1=1

kj+1∑
αj+1=1

· · ·
kd∑

αd=1

wα1 · · ·wαdy(ξ α1 , . . . , ξ αd)−

k1∑
α1=1

· · ·
ki−1∑

αi−1=1

ki+1∑
αi+1=1

· · ·
kd∑

αd=1

wα1 · · ·wαi−1wαi+1 · · ·wαdy(ξ α1 , . . . , ξ αd)−

k1∑
α1=1

· · ·
kj−1∑

αj−1=1

kj+1∑
αj+1=1

· · ·
kd∑

αd=1

wα1 · · ·wαj−1wαj+1 · · ·wαdy(ξ α1 , . . . , ξ αd)+ y0


, (75)

etc., where are theαith node andweight in the ki-nodeMQ rule
for the ith random variable. The detailed mathematical deriva-
tion of higher-order Sobol’ sensitivity indices can be found in
[48].

A.3. The minimum or maximum of the model

The minimum or maximum value of the built surrogate model
can be found using a gradient-based iterative formula. As the
built MQDP surrogate model is the summation of monomials,
there exists closed-form arbitrary-order derivatives; therefore,
the gradient of the built surrogate can readily be obtained using
equation (26) as

∇M(x) =∇p(x) ·αT. (76)

With an initial guess x0 for seeking the minimum or max-
imum of M(x), the iteration sequence x0,x1,x2, . . . follows

xn+1 = xn−λn∇M(xn) = xn−λn∇p(xn) ·αT, (77)

where λn ∈ R+ is a small step size constant at nth iterat-
ive step, yielding a monotonic sequence M(x0)⩾M(x1)⩾
M(x2)⩾ · · · .When the model functionM(x) is convex, the

sequence converges to the global minimum value. Certain cri-
teria can be set to stop the iteration by tracking the difference
between two consecutive model runs. Moreover, the step size
parameter is allowed to vary at each iteration to enhance the
iteration efficiency. A good choice for λ given in [50] is

λn =

∣∣∣(xn− x(n−1))
T
[∇M(xn)−∇M(xn−1)]

∣∣∣
∥∇M(xn)−∇M(xn−1)∥2

=

∣∣∣(xn− xn−1)
T
[∇p(xn)−∇p(xn−1)] ·αT

∣∣∣
∥[∇p(xn)−∇p(xn−1)] ·αT∥2

. (78)
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